In this paper we present the development of a rigorous approach for the solution of non-linear partial differential equations by use of the Laplace transformation -in particular, the convolution theorem for Laplace transforms. While the rigor of this new approach is general, our paper is devoted to the development, verification, and application of this method for the case of real gas flow in porous media. This paper focuses on verification of real gas flow solutions using the results of numerical simulation.
Introduction
The primary objective of this work is to develop a closed form Laplace domain solution for the flow of a real gas from a well producing at a constant rate in a bounded circular reservoir. The need for this solution arises in the analysis of gas well test data and gas well production data, where both analyses currently use approximate methods such as the pressure or pressure-squared methods, or rigorous, but tedious pseudovariables (pseudopressure and pseudotime). Our new solution can also be used for predicting reservoir performance as a high-speed simulation device -as opposed to using numerical reservoir simulation solutions.
While our new solution is not necessarily "easier" to apply than say the pseudovariables approach, our solution is essentially exact and it can be applied directly in performance prediction, as opposed to implicitly as in the case of the pseudotime approach (in theory, the pressure-dependent properties must be known). Our only "approximation" is the referencing of the time-dependent viscosity-compressibility product to the average reservoir pressure as a function of time, as computed from material balance. This referencing seems not only logical, but also appropriate (particularly when one considers that the pseudotime function also has this type of formulation).
We present the solution methodology where we recast the non-linear term of the right-hand-side of the gas diffusivity equation into a unique function of time. We do this without regard as to how to couple the time-pressure relationship, this will come later. We then use the convolution theorem for the Laplace transformation, as well as the definition of the Laplace transformation in order to "transform" our gas diffusivity equation into the Laplace domain.
In the Laplace domain, we recognize that the non-linear term is simply a transform function that can be incorporated directly into the "liquid equivalent" form of the Laplace domain solution. The final issue is the resolution of how to sample the non-linear term, and as such, we empirically establish that for the constant rate case, the non-linear term should be sampled at the average reservoir pressure predicted from material balance. This sampling is later shown to yield an essentially exact comparison with the numerical solution and its pressure derivative functions.
We also present a comprehensive validation of our convolution theory/Laplace transformation approach by comparing our new solution to the results of a finite-difference reservoir simulation model for a variety of cases of gas reservoir size, initial pressure conditions, and gas properties. This chapter provides conclusive evidence that our new solution yields an essentially exact solution for the bounded circular reservoir case.
Prior Work
In this section we review the previous approaches that have traditionally been used to model real gas flow through porous media. Early advances for the area of fluid flow in porous media correspond to equivalent work performed for heat conduction. Fluid flow through porous media is described mathematically with partial differential equations of the diffusion type.
van Everdingen and Hurst 1 were among the first to apply the Laplace transformation to solve the diffusivity equation for single phase fluid flow through porous media (their work only considered the case of "slightly compressible liquid" flow behavior. van Everdingen and Hurst provide Laplace domain solutions (given below) for a well produced at a constant rate in terms of dimensionless variables with u representing the Laplace transform variable. A large body of literature has evolved for the case of "equivalent liquid" flow (i.e., using the assumption of a slightly compressible liquid as the flowing fluid). In this work we utilize the Gaver-Stehfest algorithm 2,3 as the mechanism for generating the "exact" liquid flow solution. We also utilize the Gaver-Stehfest algorithm to generate the "analytical" gas flow solutions presented later in this work.
For the case of "real gas" flow we use the following rigorous differential equation: (in dimensionless form): In 1980 Kale and Mattar 4 solved the non-linear partial differential equation for real gas flow using perturbation techniques.
Perturbation is a standard mathematical technique used in approximating the solution of non-linear partial differential equations. The perturbation solution developed by Kale and Mattar resulted in a sum of the solution for a slightly compressible liquid and a correction term (δ) to account for the non-linear viscosity-compressibility term. The "correction term" (δ) proposed by Kale and Mattar was developed by assuming that certain second-order terms and higher-order differentials in the partial differential equation were negligible -these assumptions lead to the following result for the "correction term:" Kale and Mattar suggest the use of Simpson's Rule or the Trapezoidal Rule for the integration required in Eq. 10, and they note that this approach can be tedious to apply.
In 1986, Kabir and Hasan1 5 presented the development of a solution similar to that of Kale and Mattar, but with a slight change in the δ correction term. While Kale and Mattar chose to neglect certain second-order terms, Kabir and Hasan believed that such terms could not be neglected, and produced a modified correction term (δ 2 ) which included a secondorder term: In a discussion article regarding the work of Kabir and Hasan, Aadnoy and Finjord 6 provide a third modification to the definition of the correction term, δ. Aadnoy and Finjord point out the importance of including the higher-order differentials while also suggesting that the second-order terms can be neglected in the solution development. Other studies 7-9 have used similar perturbation approaches. For reference, our goal in this work is to produce a direct solution in the Laplace domain for the case of real gas flow.
Solution -Convolution/Laplace Transformation Methodology for Non-Linear Partial Differential Equations (Application to Gas Flow in Porous Media)
This section summarizes the new contributions presented in this work. In particular, we will present and discuss the following topics:
A general approach for the solution of non-linear partial differential equations. This solution incorporates the use of convolution theory and the Laplace transformation. A semi-analytical solution approach for the non-linear partial differential equation describing the flow of a real gas through porous media. This solution uses the techniques demonstrated in the general approach applied directly to the specific case of a gas well producing at a constant flowrate in a homogeneous, bounded circular reservoir. Two approaches for modeling the non-linear component in the behavior of a real gas. We include a discussion of both modeling approaches along with a sensitivity analysis which proves one method is much favorable for verifying the newly developed semi-analytical solution.
Laplace Transform/Convolution Approach for the Solution of General Non-Linear Partial Differential Equations
The development and details of the Laplace transform/convolution approach are provided in Appendix A. We provide orientation and summary to these developments in this sec-tion.
Our starting point for this work is to state the non-linear partial differential equation (p.d.e.) for the flow of a real gas. This governing relation is given by: For convenience, we use the reciprocal of the non-linearity, β(t D ), function -which is given as: 
Eq. 18 is not a particularly useful formulation/identity. However, we can write the f 1 (t)f 2 (t) product as a convolution-type formulation. This gives:
Taking the Laplace transform of Eq. 19 yields: and g(t) is then defined by the convolution identity.
Substituting f 1 (t) = ∂y/∂t and f 2 (t) = β(t) into Eq. 20 yields (21) Substituting Eq. 21 into Eq. 17 gives us our "convolution" form of the non-linear partial differential equation:
Our strategy is to use Eq. 21 to estimate the g(t) function. We recognize that Eq. 21 does not offer much insight into the estimation of g(t) (obviously, g(t) is problem-dependent). We will address the issue of g(t) as the next discussion topic. The relevant issue is that we can take the Laplace transform of Eq. 22, which is given as: 
. (24)
The form of Eq. 24 should be familiar to practitioners of reservoir engineering, as Eq. 24 is of the same form as the Laplace domain solution for the case of dual porosity/naturally-fractured reservoirs. As such, we can simply substitute the ug(u) product into each of the "u" terms in the appropriate Laplace domain solutions for liquid flow (i.e., Eqs. 2, 3, 5, and 6). However, we must recognize the exception of the 1/u term in front of each relation -do not substitute the ug(u) product into the leading 1/u term .
For example, in our present work we focus on the case of a bounded circular reservoir -using the ug(u) substitution in the "cylindrical source" solution (i.e., Eq. 5) gives us: (25) Eq. 25 becomes our base relation for validation as an "analytical" real gas flow solution. Eq. 25 will be used as the basis for comparison/validation with numerical simulation -this effort is discussed in detail in a later section. For reference, the configuration of the well/reservoir is given in Fig. 5 .
We are now at a point where we need to define g(t) (and, of course, g(u) For a given table of data (i.e., f(t) versus t) the Roumboutsos and Stewart algorithm is implemented using: In Appendix A we provide additional discussion regarding the Roumboutsos and Stewart algorithm, as well as the potential use of regression models for the ) ( D p t R data function. We strongly recommend use of the Roumboutsos and Stewart algorithm for general applications -it is both easy to implement and robust.
Validation
As a mechanism for validation, we compare results from numerical simulation and our proposed solution for the case of a volumetric dry gas reservoir produced at a constant production rate. Our results are generated using Eqs. 25 and 26, along with the Roumboutsos and Stewart algorithm (Eqs. 27 and 28), which is used to compute the ) (u R p function).
The primary validation cases (Figs. 6-15) were generated using the data given below: 
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In order to assess the influence of rate on the new gas flow solution (i.e., the classic test of a non-linear partial differential equation), we established a "dimensionless constant rate" variable, q Dc , which is defined as:
. (29) In reviewing Figs. 6-14 we note that the analytical and numerical gas flow solutions compare well -extremely well for all cases considered in this suite of figures. It is worth noting that in Figs. 6-14 we have compared solutions at the wellbore and in the reservoir -and all comparisons are in excellent agreement, suggesting that the proposed analytical gas flow solution is a universal solution.
In Fig. 15 we present a "composite" plot of cases for r eD = 1x10 1 , 10 2 , 10 3 , and 10 4 -these are essentially the same cases considered in Figs. 6-14, except that only the cases for r D =1 (i.e., the wellbore pressure solutions) are compared on Fig. 15 .
We note that we have modified the definitions of the dimensionless time and pressure plotting functions in order to develop the "composite" plot (i.e., Fig. 15 ). The plotting functions used for From our observations of the performance shown on Fig. 15 we can conclude that the analytical and numerical gas flow solutions are in excellent agreement. We can further comment that this "composite" plot permits us to compare the effects of the q Dc variable on all cases -and we can comment that the new solution does reproduce the same features as the numeri-cal solutions for times when the q Dc variable affects the performance (generally late times). Overall, we can conclude from Fig. 15 that the proposed analytical gas flow solution is consistent and reproducible.
The final issue that we might wish to consider is that of "extreme" cases of fluid type, temperature, and initial reservoir pressure. Fig. 16 (γ g =0.55 (methane)) and Fig. 17 (γ g =1.0 (rich gas)) illustrate the "composite" behavior of a variety of "extreme" cases -and we note that the new analytical gas flow solution compares well to numerical solution for all cases considered. We note that Figs. 16 and 17 use the same plotting functions as Fig. 15 (i.e., Eqs. 30, 31, and 32)
Summary and Conclusions

Summary
We have developed and successfully validated a new semianalytical solution approach for the gas diffusivity equation.
In particular, our solution represents the case of a gas well producing at a constant flowrate in a homogeneous, bounded circular reservoir. Our approach is rigorous in its formulation of the viscosity-compressibility product (i.e., the nonlinear term in the gas diffusivity equation). We developed our solution approach using convolution theory and the definition of the Laplace transformation.
We considered the viscosity-compressibility product to be only time-dependent, and we used this relationship to develop a transform function for the viscosity-compressibility product in the Laplace domain. The new solution is evaluated using the "liquid" flow solution (i.e., the linear solution), coupled with our transform function which represents the behavior of the viscosity-compressibility product. The resulting solution has exactly the same form (but obviously not the same function) as the case of a well in a naturally fractured reservoir.
We have successfully verified our new semi-analytical solution by comparison with numerical results from a finitedifference reservoir simulator for dry gas flow. Our sensitivity study considered a variety of reservoir sizes, production rates, and ranges of gas properties. We note excellent comparisons of computed pressures and pressure derivative functions for all cases -which we believe uniquely verifies our approach as well as its application to engineering pro-blems.
Conclusions
We consider the following to be the most important concepts and conclusions developed in this work:
1. Based on comparisons with results from numerical simulations, we have proven that we can apply convolution theory and the Laplace transformation as a means to solve the non-linear gas diffusivity equation which describes gas flow in porous media. We used this approach to solve the particular case of a gas well produced at a constant flowrate in a bounded (no flow) circular reservoir.
2. We observe that the behavior of the numerical and semi-analytical solutions for pseudopressure and time are not completely unique in that the behavior during depletion (i.e., pseudosteady-state) depends on flowrate, initial pressure, and the pressure and temperature variations in gas properties. Such dependence is the trademark of a non-linear problem.
3. We found that the time-dependence of the viscositycompressibility term can be accurately represented by a tabulated data function as well as using a functional form to model the behavior of the data. We noted the following:
The Roumboutsos and Stewart algorithm for transforming a data table into the Laplace domain is simple to implement, is highly reliable, and is very accurate, and
Of the functional models we tested, the general polynomial form gave the best results, although the exponential data model did match the viscositycompressibility data quite well. A comparison of our simulated results showed that both the polynomial and exponential models give satisfactory results. However, we chose to use the Roumboutsos and Stewart approach in order not to bias our results to a particular data model.
Recommendations for Future Work
Future work must explore the case of constant wellbore pressure production, as well as the case of general variablerate convolution. In addition, other reservoir/well models must be verified. For example, gas flow in verticallyfractured wells, horizontal wells, and naturally fractured reservoirs are of significant interest to the petroleum industry and should be thoroughly investigated.
Finally, future work should also focus on the development of closed-form solutions in the real time domain -i.e., explicit inversion of the Laplace domain solutions we have presented in this work.
Nomenclature
Field Variables (Pressure, Formation, and Fluid Properties) a n = Coefficients for exponential/polynomial models B g = Gas formation volume factor, RB/MSCF B gi = Gas formation volume factor at p i , RB/MSCF c g = Gas compressibility, psia 
Appendix A -Derivation of An Exact Laplace Transform Formulation for The Real Gas Diffusivity Equation Using a Convolution Approach for The NonLinear Viscosity-Compressibility Product
Development of the Convolution Formulation for a NonLinear Partial Differential Equation
The general form of a non-linear partial differential equation is given by The key to our convolution technique is to recognize that the left-hand-side (LHS) of Eq. A.1 can be transformed -but the right-hand-side (RHS) is not in a form that can be readily transformed. Specifically, we recognize that the β(t) ∂y/∂t term is of the form 4, Eq. 16), the Laplace transform of the f 1 (t)f 2 (t) product is:
Where u is the Laplace transform parameter, and the functions ) ( 1 u f and ) ( 2 u f are the Laplace transforms of the functions f 1 (t) and f 2 (t), respectively. We note that Eq. A.3 is not a useful form, but from this form we can suggest a different approach -writing the f 1 (t)f 2 (t) product as a convolution-type formulation. This concept leads to and g(t) is then defined by the convolution identity. Letting f 1 (t) = ∂y/∂t and f 2 (t) = β(t), then, upon substitution into Eq. A.4 we obtain the following identity: Of course, the trick is to determine the g(t) function from the identity given by Eq. A.6a (or A.6b), but this issue is problem-specific -and must be addressed as such. However, the relevant issue is that we can take the Laplace transform of Eq. A.7. Taking the Laplace transform of Eq. A.7 we have
We note that the form given by Eq. A.8 should be useful for second order, diffusion-type partial differential equations.
Application of the Convolution/Laplace Transform Approach to the Real Gas Diffusivity Equation
The dimensionless form of the real gas diffusivity equation is given as Eq. A.12 defines the g(t D ) function -but how do we evaluate this function? We require both β(t D ) and ∂p pD /∂t D neither of which are known a priori -but perhaps we can approximate these functions, or use the known behavior of a function for a particular flow regime. (e.g., pseudosteady-state). This issue is addressed in the next section.
Modelling the Non-Linear Term In this section we consider how to determine the g(t D ) function. Although not obvious, we can establish a relationship for ∂p pD /∂t D using the volumetric dry gas material balance equation which uses the average reservoir pressure to correlate reservoir behavior. While this may seem limiting, our approach is actually quite sound, and will be verified by comparison to performance data generated using numerical simulation of a volumetric gas reservoir.
Writing the time derivative term and its chain rule expansion, we have In order to reconcile the terms in Eq. A.16 we will use the following identities (as well as other definitions (e.g., c g )):
Dimensionless Pressure: 
Or, solving for g(u), we have: Where Eq. A.15 also has the following "compact" form:
Where, as in the case of a naturally fractured reservoir, the ug(u) function is substituted for all u terms in the Laplace domain (except for the 1/u term given in front of a given solu-tion). 
